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SUMMARY

A superposition property of angle modulation is derived for a class

ol modulating waveforms.




I. A SUPERPOSITION PROPERTY OF ANGLE MODULATION

It is well known that amplitude modulation 1s a linear operation in
the sense that the sidebands resulting from a sum of modulations may be
found by linear superposition of the sidebands caused by each individual
modulation. Angle modulation, however, 1s a highly non linear operation,
with significant sideband energy arising from the interaction of the
various modulation components. Thus, the type of linear superposition of
sidebands which holds for amplitude modulation does not hold for angle
modulation. This report shows that a di{ferent type of linear super-
position does hold for .n important class of angle modulating waveforms,
namely those containing at least one periodic component

Consider the waveform
y(t) = cos [wct + P(t)] (1)

where «_ is a fixed angular frequency, and P(t) is a periodic angle
modulation of period T Since P(t) 1s periodic, y(t) has a discrete fre-

quency spectrum which may be written

y(t) - E d, cos [(@C + z%q)t + ﬁn] (2)

A second modulation is now added, giving
Y(t) = cos 6 .t * P(v) + ()] (3)

where f(t) may be random or rausal We now find an expression for Y(t)

that demonstrates explicitly the effect of f(t) on the discrete spectrum

of y(t)

.
Angle modulation refers to eirther phase modulation or frequency modulation 1n

tte equivalent phase modulating form




Begin by rewriting (3) as

Y(t) = Re ifj[wct tP(e) t f(*)]}

lwer + £(t)]

- Re (& eP(t)y (4)

The periodic function eJP(t) may now be expanded in a complex Fourier

series,

ejp(t) = SC € T (5)

[ E~ T dt, (6)

Substitution of the series in (4) and term-by-term multiplication by the

first exponential gives

jla, + l’%—“) b+ f(t)]
Y(t) - Re)S C ¢ (1)

o
Taking the real part as i1ndicated,

Yit) - S R. cos [la. + 27y ¢ 41(e)] -1, sin [le. + 200y ¢ + f(¢)]
n n C T n [of T

(8)

where

to




Use of the trigonometric identity

Acos 6+ B siné = ¥A2 + B2 cos [6 * tan-] (zBy] (10)

>l

gives

, = oy . I
Y{t) - g VHé i Ig cos[(cuC it 2¥ﬂ) t + tan~! (ﬁi) + f(t)] (11)

The definitions

q/ 2 2
dn H Rn + In

ﬁn - tan’| (=) (12)
R,
lead to the desired result,
V() = Sy cos [lag + AN o+ Fb (0] (13)

1

Note that when f(t) is identically zero (1) reduces to (2), thereby
ensuring that the d_ and £, are the same in both equations  Equation
(13) was previously known to be approxiritely true,l'2 but the above
proof demonstrates that it is, 1ndeed, exact.

Thus, the periodic modulation P(t) nay be considered to divide the
carrter into a number of subcarriers separated i1n frequency by an amount
equal to the fundamental frequency of P(t). The added modulation f(t)

then angle mudulates each of these subcarriers identically. When f(t)

1. N M Blachman, 'Limiting frequency modulation spectra’, Tech. Report No. EDL-M43

Flectronic Defense Lab . Sylvania Electric Products Inc., Mountain View, Calif |,

Apreel, 1955, pp 3.5

2 P R Karr, “Anote on angle modulation by a mixture of a periodic function and
norse . HRE Transactions on Information Theoryv, Vol. IT.5. September. 1959,

pp 0 I3




=gt A Y

LG Yu!.ll'.\l\“ AR sl et 2.~ N _ e
- =1t i T AR e T T Sy o
T T T L ¢ L i S N R I BIR TS e A _

Shros x.- e e z
i e T e S X -z
B, n/mA ST, d..w..ﬁ..nfm TR t".,o..n_ri ﬁad}nw“ YR R A S SR N

ORI

is causal, the sidebands of the original carri¢

Vi

linear superposition of the sidebands of the

viding the contrivutions at any one {requency .

Y\'I‘l

taking their phase relations into account.

power spectrum of Y(t) may be found by simpl+ I,

the power spectra of the various subcarriers

SIS

$ b




